DOCUMENT RESUME 



ED 065 335 



SE 014 398 



TITLE 

INSTITUTION 

PUB DATE 
NOTE 

AVAILABLE FROM 



Mathematics for Elementary School Teachers: The 
Rational Numbers. 

National Council of Teachers of Mathematics, Inc., 
Washington, D.C. 

72 

453p. 

NCTM, 1201 Sixteenth Street, N.W. , Washington, D.C. 
20036 ($6.00) 



EDRS PRICE 
DESCRIPTORS 



IDENTIFIERS 



MF-$0.65 HC Not Available from EDRS., 

Arithmetic; * Elementary School Mathematics; 
Elementary School Teachers; *Fractions; Mathematics 
Education; *Rational Numbers; *Teacher Education; 
Textbooks 
Film Supplements 



ABSTRACT 

This book is an extension of the 1966 film/text 
series (ED 018 276) from the National Council of Teachers of 
Mathematics and was written to accompany 12 new teacher-education 
films. It is strong enough, however, to also serve alone as a text 
for elementary school teachers for the study of rational numbers. The 
12 chapters corresponsing to the films were written separately by 
committee members with various methods of presentation. Aspects of 
rational numbers covered include a rationale for their introduction; 
the four operations with positive, decimal, and negative rational 
numbers; measurement; and graphing. (JM) 



O 

ERIC 



ED 065335 






\ 




Mathematics for Elementary Schoo 



1 fu 

. 1 ! . i 



RATION A 



ll '?,! 



eacners 



t 



NUMBERS 




U.». DEPARTMENT OF HEALTH, 
EDUCATION A WELFARE 
- U1 _ ,CI *>F EDUCATION 
THIS DOCUMENT HAS BEEN REPRO- 

t D u U “° exactlv as R€CEIVED FROM 

the person or organization orig- 
inating IT. POINTS of view or opin- 
L°NS STATED DO NOT NECESSARILY 

represent official office of edu- 
cation POSITION OR POLICY. 














Mathematics for Elementary School Teachers 



THE 

RATIONAL 

NUMBERS 



NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth St., NW, Washington, O.C. 20036 



"PERMISSION TO REPRODUCE THIS COPY' 
RIGHTED MATERIAL BY MICROFICHE ONLY 
HAS BEEN GRANTED BY 






TO ERIC AND ORGANIZATIONS OPERATING 
UNDER AGREEMENTS WITH THE U S. OFFICE 
OF EDUCATION. FURTHER REPRODUCTION 
OUTSIDE THE ERIC SYSTEM REQUIRES PER- 
MISSION OF THE COPYRIGHT OWNER." 



Copyright © 1972 by 

THE NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS, INC. 

All Rights Reserved 



Library of Congress Catalog Card Number: 72-4769 



i 



PRINTED IN THE UNITED STATES OF AMERICA 




4 



3 



HISTORY AND ACKNOWLEDGMENTS 



In 1966 the NCTM released for general distribution by Universal 
Education and Visual Arts a series of films, produced by Davidson Films 
under a National Science Foundation Grant, entitled “Mathematics 
for Elementary School Teachers.” The films and an accompanying text 
were supervised and produced by a committee headed by Harry D. 
Ruderman. The topics covered by the films and text were: 

1. Beginning Number Concepts 

2. Development of Our Decimal Numeration System 

3. Addition and Its Properties 

4. Multiplication and Its Properties 

5. Subtraction 

6. Division 

7. Addition and Subtraction Algorithms 

8. Multiplication Algorithms and the Distributive Property 

9. Division Algorithms 

10. The Whole-Number System — Key Ideas 

The success of the films and text was immediate. Soon the NCTM was 
besieged by teachers, teachers of teachers, and school systems to carry 
the series forward to include, at least, the rational numbers. 

President Donovan A. Johnson named a committee consisting of Julius 
H. Hlavaty, chairman ; Robert B. Davis, Abraham M. Glicksman, Leon A. 
Henkin, Donovan R. Lichtenberg, Joseph Moray, Harry D. Ruderman, 
David W. Wells, and Lauren G. Woodby to prepare a proposal for a new 
series of films. 

In 1967 the NCTM, on the suggestion of this committee, signed a 
precedent-setting contract with General Learning Corporation, Davidson 
Films, and Harry D. Ruderman as director for the production of twelve 
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Note to the Reader 



You will find that sets of exercises appear in 
every chapter, and that answers to all of them 
appear in the back of the book. Before consulting 
the answers you will want to do your own 
figuring. For your convenience, working space 
has been provided beneath most of the exercises. 



BEYOND THE WHOLE 
NUMBERS 



David W. Wells 
Stuart A. Choate 




1. Why do wo nood numbers oHwr then whole numbers? 

2. Whet is o non nsf utivo nrtionol number? 

3. Whet ore seme physical InterpreMiens off the number g ? 

4. Whet ore seme strategies for intreduclnf 

the meoninf of o nennefotivo ratienol number 
to elementary school pupils? 



As long as early man needed only to determine the number of objects 
in a given collection, the set of numbers {0, I, 2, 3, . . .), which is the set 
of whole numbers, served him well. Using only the whole numbers, he 
could determine the number of animals in his possession that could be 
used to provide food and clothing and the number of weapons needed 
by his family or tribe to hunt food or defend their home. The whole 
numbers were adequate for these and other situations that required only 
counting. 

THK NEED FOR NUMBERS BEYOND THE WHOLE NUMBERS 

There is also little doubt that the whole numbers were used to make 
crude measurements to the nearest whole unit. But when man began to 
construct permanent homes, engage in commercial trade, navigate the 
waters of his world, and assess taxes on his land and other possessions, 
the whole numbers were no longer adequate. When he attempted td 
determine, with greater precision than he had in the past, the measure of 
such properties of an object as length, area, volume, weight, capacity, 
and temperature, the subdividing of units of measure became necessary. 
To express measures in terms of these subunits, numbers beyond the 
whole numbers were needed. 
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The set of numbers zero and greater that can be named by fractions 
was invented to satisfy the need. This set of numbers is called the set of 
nonnegative rational numbers. One-half, two-thirds, nine-fifths, eleven, 
and zero arc all examples of nonnegative rational numbers. In general, 

any number that can be named by a fraction 7 , where a names a whole 

O 

number and b names a whole number different from zero, is a nonnegative 
rational number. 



nogatlv* rational numbers tore positive rational numbers 
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nonnegative rational numbers 



Although the nonnegative rational numbers were invented to satisfy a 
practical need of man, there is also a mathematical need for this set of 
numbers—the need to be able to divide any and every whole number by a 
whole number greater than zero. 

Students beginning the study of rational numbers will know from their 
previous work in mathematics that the sum of any two whole numbers is 
always a whole number. Also, the product of any two whole numbers is a 
whole number. Expressing these facts with frames as shown below, we 
say that if you use for the frnmes any pair of whole numbers, the result in 
each ease will always be a whole number. 



□ + A ° □ X A - . 

Tins is to say that the set of whole numbers is cloned under the operations 
of addition and multiplication. In general terms. 

For any pair of whole numbers 0 and b, a b and a X b 
are whole numbers. 



However, the set of whole numbers is not closed under the operation 
of division. That is, not every pair of whole numbers has a quotient that 
is a whole number. For example, in the sentence 3 + 4 ** □ there is no 
whole number for O that will make the sentence true. Consequently, if 
we wish to always be able to divide any whole number by a whole number 
except zero, numbers beyond the whole numbers arc needed. It will be 
shown later that the set of nonnegative rational numbers satisfies this 
mathematical need. 



Beyond the Whole Numbers 



Mun lias continued to invent sets of numbers to satisfy new needs. To 
solve each of the four equations shown below, the set of numbers indicated 
at the right was invented. 



The invention of these sets of numbers and others has made possible 
the solution of some very important mathematical and practical problems. 
The sets of numbers named above arc the ones usually encountered in 
elementary or secondary schools. 

In this book the nonnegative and negative rational numbers, along with 
the integers, will be discussed. During the planning of the book the authors 
recognized that two strategics were available to them in developing the 
important ideas about the rational-number system. The first strategy 
was to extend the set of whole numbers to include the integers and then 
extend the set of integers to include the rational numbers. The second 
strategy was to extend the set of whole numbers to include the non- 
negative rational numbers and then extend this set to include the negative 
rational numbers. Each of the strategics has some advantages to recom- 
mend it. However, the second strategy was chosen because it most nearly 
follows the development usually presented to elementary school pupils. 
Since the early chapters of this book focus on the nonnegativc rational 
numbers and that is an awkward phrusc to continue to write and to read, 
we use the term rational number to mean nonnegatice rational number 
until the complete set of rational numbers is treated in a later chapter. 

PHYSICAL MODELS FOR RATIONAL NUMBERS 

When young children arc first introduced to the ideas of rational 
numbers in school, they have usually had experience with the whole 
numbers and some of the numerals used as names for these numbers. 
For example, their past experience helps them understand that the sets 
shown in the diagram here, and all other sets equivalent to them, have 
only one property in common— namely, the number idea of twoncss— and 
that the word "two” and the numeral "2" arc names for the number two. 
It is also likely that children recognize that the number two can also be 
numed by "I + I," "2 + 0,” “3 - I,” "II,” "2 X I,” ”4 + 2,” and so 
forth. Some children may even recognize that the set of numerals for the 
•^t.Mibcr two is an infinite set. As teachers we can use these previous 
experiences with whole numbers as a foundation for developing the mean- 



Equation 
n + 9 « 5. 



Set of Numbers Invented 
Integers 
Rationals 
Real numbers 
Complex numbers 



3n ** 2. 
n-n ® 2. 
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ing or rational numbers and Tractions with children in a way that is 
consistent with the pattern used Tor developing the meaning oT whole 
numbers and their names. 




Physical models can be drawn or constructed that are useful in develop* 
ing some of the important ideas about rational numbers and a method 
Tor naming them. 

Pha#4«tiM Models 

IT we think oT the square region shown here ns n one-unit region, we 
can associate a number with the amount that is shaded. Notice that what 

B 

we know about whole numbers can be used to describe the physical 
situation. Hie unit is separated into two congruent regions, and one of 
the two congruent regions is shaded. The ordered number pair (1,2) can 
be used to describe the situation. A numeral for the rational number 
associated with the amount that is shaded includes the names of the 

numbers in the ordered number pair (1,2) and is written as ^ , read 
“one-half." The fraction j is a reminder that I of 2 congruent parts is 
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shaded. We say that ^ of the unit region is shaded. To answer the question 

“How much of the unit region is shaded?” we reply, “One-half.” It is 
interesting to note that a whole number cannot be used to answer this 
question. 

It is important to notice that at the outset a basic unit or unit region 
was established. Also, the example above illustrates three other important 
ideas concerning rational numbers. These ideas are listed below: 

1 . The rational number one-half is associated with the physical situa- 
tion— the amount of the unit region that is shaded. 

2. The number pair (1,2) may be used to indicate that I of the 2 
congruent regions in the unit region is shaded. 

3. The fraction ^ is a name for the number one-half and is a reminder 

that I of 2 congruent regions is shaded. 

The one-unit rectangular region shown next is separated into four 
congruent regions, with three of the four shaded. The number associated 
with the amount that is shaded is three-fourths. The ordered number 
pair (3,4) indicates that 3 of the 4 congruent regions are shaded. The 

3 

fraction - is a name for the rational number three-fourths and is a re- 

4 

minder that 3 of the 4 congruent regions in the unit are shaded. 




By again referring to this physical model we can see that the second 
number of the ordered pair (3,4), the denominator, designates the number 
of congruent regions into which the unit region is divided and the first 
number of the ordered pair, the numerator, indicates the number of 
congruent regions that are shaded. The ordered number pair (3,4) can 
be called the numerator-denominator pair. 

A plane-region model can also be constructed for rational numbers 

3 

such ns - . Think of the one-unit region shown by the heavy black lines 
in the next figure. The unit region is separated into two congruent regions, 
and three such regions are shaded. The rational number - is associated 
with the amount that is shaded. The numerator-denominator pair (3,2) 
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indicates that the unit region is divided into two congruent regions and 

3 

three such regions are shaded. The fraction - names the rational number 
three-halves. 



1 
a 

1 

t 

1 
a 

Study the plane-region models shown below and verify the correctness 
for each model of (1) the rational number, (2) the numerator-denominator 
pair, and (3) the fraction for the rational number. The unit regions are 
shown by the heavy black lines. 



1 






Every rational number can be named by each fraction in an infinite 
set of fractions. In the plane-region models shown below, each unit 
region is congruent to each of the other unit regions and the same amount 
is shaded. Notice that a different numerator-denominator pair describes 
each model and a different fraction names the same rational dumber 
associated with the shaded amount that is common to all the models. 
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numerator-denominator 
pair (1,3) 



fraction 7 
3 




numerator-denominator 
pair (3,9) 

fraction | 

9 




numerator-denominator 
pair (2,6) 

fraction - 
6 




numerator-denominator 
pair (4,12) 

fraction 4- 



From these models it can be seen that the numerator-denominator 
pairs (1,3), (2,6), (3,9), and (4,12) all describe a model with the same 

12 3 4 

amount shaded. Also, the fractions- .and — are all names for the 

3 6 9 12 

number associated with the same shaded amount and therefore are 

I 3 

equivalent fractions. To assert that - and - are equivalent fractions we 

1 3 3 9 1 3 

write - = - . This assertion means only that the fractions - and - name 
3 9 3 9 

the same rational number; it does not mean that the fractions are the 

same or identical. 

If we use our imagination, additional models like these can be con- 
structed in our minds to show that the rational number associated with 
the shaded amount has each numerator-denominator pair in the infinite 
set 

{(1,3), (2, 6), (3,9), (4,12), . . .}. 



Furthermore, each fraction in the infinite set of fractions 



1 2 3 _4 

3 ’ 6 ’ 9 ’ 12 ’ 




is a name for the rational number one-third. This set of fractions is called 
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an equivalence class of fractions for the rational number one-third. The 
set of all fractions that name the same rational number is an equivalence 
class of fractions for that rational number. 



Exercise Set 1 

1. Shown below are some models for rational numbers. For each unit 
region name the rational number, the numerator-denominator pair that 
describes the physical situation shown in the model, and the fraction that 
names the rational number. Assume that each figure represents one unit. 



a. 



b. 



c. 



d. 






I I 
III 



2. Draw a plane-unit-region model for each of the rational numbers 

4 7 .4 

5 ’ 8 ’ and 15 ' 



3. Choose from the pictures below those that are good models for a 
rational number. Then tell why the others are not good models. 
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4 . Draw a plane-unit-region 
4 6 6 .0 

3 ’ 5 ’ 6 * and 4 ’ 



model for each of the rational numbers 



5 . Draw plane-unit-region models to show that the rational number 
has the numerator-denominator pairs (3,5), (6,10), and (12,20). 



6. Draw plane-unit-region models to show that the fractions of each 
pair are equivalent. 



3 6 

4 ’ 8 



b. 



JL 1 

10 ’ 5 



0 0 
*• 2*3 



d. 



5 JO 
3 ’ 6 



5 4 
•* 5 ’4 



7 . In drawing the models for exercise 6 , why is it necessary that the 

— 9 — 
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same unit region or two congruent unit regions be used to show that the 
fractions of each pair are equivalent? 



8 . Draw a set of plane-unit-region models to show that - , - , — 

4 8 12 

4 S 

7i * an d 20 are mem,jers 83,116 equivalence class of fractions. 



9. If the plane region shown below is ^ of the unit region, how can the 
unit region be constructed? If it is - of the unit region? 



10. During a class discussion, a pupil put the following diagrams on 

the board in an effort to show that i is greater than - . After completing 

• 11 ^ ^ 
the diagram, he wrote — > - . Most of the other pupils did not agree (and 

correctly so). What is wrong with the pupil’s argument that - > - ? 

3 2 




Self at Modal* 

Sets of objects can also be used us physical models for rational numbers. 
In the set of dots shown below the numerator-denominator pair (2, 3) can 

— 10 — 
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be used to indicate that 2 out of 3 of the dots are black, and the fraction - 

3 

compares the number of black dots to the total number of dots in the set. 

2 

To express this comparison we say that - of the dots are black. 

C» »T ) 



Each of the sets in the next illustration has been separated into three 
equivalent subsets. The dots in two out of the three subsets in each set 
are black. Two-thirds compares the total number of black dots to the 
total number of dots. Now we can think about the infinite number of 
sets that might be constructed in the same pattern except that with each 
construction the number of dots in the equivalent subsets would be 
increased. 






& 











The following models for the rational number two-thirds are similar, 
except that the dots are not grouped in subsets. The arrangement of the 
dots within each set makes clear that the numerator-denominator pairs 
(2,3), (4,6), (6,9), and (8,12) can be used to describe the models for the 





rational number two-thirds. Also, the fractions - , % , - , and — are all 

3 6 9 12 

names for the rational number two-thirds. If one could continue without 
end to construct models for the number two-thirds in the same pattern 

— 11 — 
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and write the fraction for each model, he would have the equivalence class 
of fractions for the number two-thirds, which is 

/? 4 6 JL 10 \ 

\3 * 6 * 9 * 12 * 15 * * * */* 

We now illustrate how the dots in a set of twenty-four can be regrouped 

into equivalent sets to show that i , 4 , A * and ^ are equivalent fractions. 

6 10 12 3 6 12 24 2 

The fractions - , — , and are also equivalent to ^ . However, since the 
S 15 1 o 3 

denominators 9, 15, and 18 are not factors of 24, the equivalence cannot 
be shown by using a set containing twenty-four dots. 




Number-Lint Models 

The last model for rational numbers to be considered in this chapter 
is that of the number line. Many children in the early elementary grades 
have had experience with the number line in their work with operations on 
whole numbers. Consequently, these children will recognize a number line 
such as the one shown below, where the whole numbers are placed in 
correspondence with points on a line. Furthermore, they will recognize 
that to construct a number line such as this, a unit segment is marked off 
and the numbers 0 and 1 are assigned to the endpoints of the unit segment. 
Then, beginning with the point corresponding to 1, segments congruent 
to the unit segment are marked off to the right. The whole numbers are 
then consecutively placed in correspondence with the endpoints of the 
segments. The whole number that corresponds to any point is the length 

— 12 — 




